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ABSTRACT 

A continuation method, accompanied with a linear stability analysis, is employed to investigate the bi-
furcation diagram of the flow solutions, as well as the multiple flow states in a cavity with different aspect 
ratios for parallel motion of two facing lids.  The Reynolds number proportional to the wall velocity is 
used as the continuation parameter, and the evolution of the bifurcation diagrams in cases with different 
aspect ratios is illustrated.  The induced flow patterns are highly dependent upon both the aspect ratios 
and the moving velocity of the walls.  Three different types of bifurcation diagrams and their corre-
sponding flow states are classified according to the aspect ratios.  One stable symmetric flow state and 
one stable asymmetric flow state are identified.  The stable asymmetric flow state is obtained at a high 
aspect ratio and a low Reynolds number.  Meanwhile, the regions of stable and unstable flows are dis-
tinguished according to the different aspect ratios. 

Keywords: Instabilities, Flow bifurcation, Lid-driven cavity flow, Aspect ratio. 

1.  INTRODUCTION 

Cavity flow driven by moving boundaries is not only 
technically important, but also of great scientific inter-
est.  Although the problem seems simple, it reveals the 
complex phenomena of vortex dynamics, hydrodynamic 
stability, flow bifurcation, etc.  Cavity flow was often 
found in certain engineering applications, such as short- 
dwell coating, removal of species from structured sur-
faces and mixing and flow in drying devices, and was 
studied in academic research as well.  Classic cavity 
flows are usually driven by either one-sided or two- 
sided facing lids moving in tangential directions.  
One-sided lid-driven cavity flow has been extensively 
studied in literature [1-4].   

For the two-sided lid-driven cavity flow which is 
induced by two facing sides moving with the same ve-
locities in opposite directions to each other, Kuhlmann 
et al. [5,6] employed experimental and theoretical 
methods to investigate the induced two and three-  
dimensional flows in the cavity, and found that the ex-
istence of multiple two-dimensional steady flows de-
pends upon the cavity aspect ratio and the wall driving 
velocities.  Albensoeder et al. [7] used a numerical 
method to investigate the two-sided lid-driven cavity 

flows, and identified the stability of the found non- 
unique steady flows.  Alleborn et al. [8] investigated a 
two-dimensional flow in a two-sided lid-driven cavity 
in which a temperature gradient was established and 
thermal transport was generated.  Albensoeder and 
Kuhlmann [9] performed a linear stability analysis to 
show that the two-dimensional flow becomes unstable 
in different modes, depending on the cross-sectional 
aspect ratio and Reynolds number.  Blohm and 
Kuhlmann [10] employed Laser-Doppler and hot-film 
techniques to measure steady and time-dependent vor-
tex flows which occur at higher Reynolds numbers.  
Yang and Luo [11] investigated the multiple two-   
dimensional steady flow solutions in the cavity flow 
with heat transport and the flow transitions between the 
found stable solutions; they established a thumb-shaped 
boundary line which identifies a restricted region of a 
stable solution in terms of the Grashof and Reynolds 
numbers. 

Albensoeder and Kuhlmann [12] employed linear 
stability to investigate the flows driven by the parallel 
motion of two facing walls in a rectangular cavity by a 
finite volume method, in order to establish critical 
curves in terms of the critical Reynolds number on the 
aspect ratio.  The results indicated that, while the two 
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facing sides of the cavity move with constant velocities 
in the same direction, a stable two-vortex flow can be 
induced, in which the vortices adjacent to the upper and 
bottom walls of the cavity rotate, respectively, in 
clockwise and counterclockwise directions.  With the 
variation of the Reynolds number, the symmetry of the 
two-vortex flow state can be broken via the symmetry- 
breaking bifurcation points, and a stable asymmetric 
flow state formed. 

Recently, Chen et al. [13] investigated the flow bi-
furcations in a two-sided lid-driven cavity with differ-
ent aspect ratios for anti-parallel motion by the contin-
uation method.  The evolution of the bifurcation dia-
grams in cases with different aspect ratios was illus-
trated.  Two stable symmetric flows and one stable 
asymmetric flow were identified, and the regions of the 
stable flows in the aspect ratios and Reynolds numbers 
were distinguished.  Cadou et al. [14] investigated the 
flow bifurcations in the two-sided non-facing lid-driven 
cavity and the four-sided lid-driven cavity, respectively.  
The critical value of the pitchfork bifurcations and hopf 
bifurcation were identified.  Waheed [15] investigated 
the fluid flow and heat transfer induced by a lid driving 
force and a buoyancy force resulting from the tempera-
ture gradient on the vertical walls within rectangular 
enclosures.  Noor, Kanna and Chern [16] numerically 
investigated the flow and heat transfer inside a square 
cavity with double-sided oscillating lids; they showed 
four different flow patterns at different frequencies for 
Reynolds numbers greater than 300.   

In a systematic study on the respective instabilities 
and nonlinear pattern formations, the basic two-    
dimensional flow solutions’ dependence on the critical 
Reynolds number and the aspect ratio proved difficult 
to determine.  In this study, the nonlinear steady Na-
vier-Stokes equations were solved by following the so- 
called continuation method [17].  This approach was 
often applied to search for possible stable and unstable 
steady-state solutions and to construct bifurcation dia-
grams for different aspect ratios.  Thus, the purpose of 
the present study was to systematically illustrate the 
stability of the two-dimensional solution manifold of 
such flows with different Reynolds numbers and aspect 
ratios.  The evolution of the bifurcation diagrams, in 
terms of Reynolds numbers with aspect ratios, is pre-
sented and the regions of the stable flows in the aspect 
ratios and Reynolds numbers, distinguished. 

2.  NUMERICAL ASPECT 

2.1  Governing Equations 

Figure 1 presents the geometric model and corre-
sponding boundaries of a cavity whose height and 
width are signified by H and L, respectively, and with 
an incompressible Newtonian fluid filled within the 
cavity.  In the study, the aspect ratio (AR) of the cavity 
is defined as H/L.  The upper and lower walls move at 
the same velocity of Ub in the right direction.  The 
stationary vertical walls are considered to be solid and 
adiabatic. 

 

Fig. 1 Schematic illustration of the cavity and its 
corresponding boundary conditions. 

Dimensionless governing equations for the stream 
function () and vorticity function (), respectively, can 
be written as [11]: 

2 2

2 2
,

x y

   
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 
 (1) 

2 2

2 2

1
,

t y x x y Re x y

         
           

 (2) 

where Re UbL / v is the Reynolds number and v is the 
kinematic viscosity of the fluid.   

The boundary conditions of the cavity flow used in 
the numerical calculations are expressed as follows: 

On the top wall (y H / L): 

 
2

2
0 , 1 , .

y y

  
    
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On the bottom wall (y  0): 

 
2

2
0 , 1 , .

y y

  
    
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On the left-side wall (x  0): 

 
2

2
0 , 0 , .

x x

  
    
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On the right-side wall (x  1): 

 
2

2
0 , 0 , .

x x

  
    
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The flow is driven by the upper and lower cavity walls, 
which move with equal velocity towards the right.  
Thus, the right-moving direction of the walls causes 
/y 1 in conditions (a) and (b).  Note that the tan-
gential derivatives of  on the boundaries are not used 
in the computation since it suffices to set   0.  To 
establish the steady solution manifold of the cavity flow, 
it is first necessary to drop the  / t term from (2). 
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2.2  Numerical Method 

The governing Eqs. (1) and (2) are discretized by 
central differences of a second order in an irregular grid 
system, and a system of non-linear algebraic equations 
is formed, 

 ). ,. ( , 0G Xi e    (3) 

where X is the solution vector and  is the continuation 
parameter, which is the Reynolds number in this study.  

This then gives an iterative sequence, [X()()], 
which is expressed as: 

(0) initial estim( ) ate ,X    (4a) 

 ( ) ( 1) ( ) ( )( ) ( , ) , 0, 1, 2, ,XG X X X G X            
  (4b) 

where GX is the Jacobian matrix of Eq. (3).  When   
  0 a solution of the continuous problem can be ob-
tained by numerical methods.  As  deviates from zero, 
we can use the solution as an initial estimate of the dis-
crete solution in the Euler-Newton method applied to 
Eq. (4).  One way to obtain good initial estimates in 
the iterative sequence of Eq. (4) is to use a Taylor ex-
pansion of the solution with respect to changes in pa-
rameter : 

 ( ) ( ) ( ) .X X X         (5a) 

To obtain X, we can use Eq. (3) and it satisfies: 

 ( , ) ( , ) .XG X G X X      (5b) 

The iterative method as described in Eqs. (4) and (5) 
is known as the Euler–Newton continuation.  In the 
study, the basic state solution was obtained by central 
differences of a second order in the irregular grid sys-
tem, but a minimum value of the continuation parame-
ter was substituted into the iteration of Eqs. (4) ~ (5) in 
order to successfully attain a converging solution.  
This method is extremely effective and usually con-
verges quadratically; however, the method fails at 
points where the Jacobian matrix GX (X, ) 0 is sin-
gular.  To avoid the singular points, the continuation 
method (Keller [17], Yang [20]) was introduced:  

   
 

0 0

0 0 0

( ), ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) 0 ,

N X s s X s X s X s

s s s s s

   

      



  (6)
 

where  0 0( ), ( )X s s  is a previously computed solu-
tion for  and s s0.  /X dX ds  and /d ds    
denote the components of a tangent vector to the solu-
tion path  ( ), ( )X s s . 

A new system of equations can then be written as: 

 
( , ) 0

( , , ) 0

G X

N X s

 
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The Jacobian matrix of this new system is given as 
follows: 

 
( , )

.
( , )

X

X

G GG N

N NX




 
     
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with the Euler- Newton continuation in parameter s 
rather than in , it is also possible to follow the solution 
around singular points. 

A linear stability analysis was performed in order to 
investigate the stability of the various flow states ob-
tained by the continuation method described above.  
The basic state, X0, identified by Newton’s method 
during continuation is perturbed by small, time-    
dependent quantities:  

 0 ,tX X e    (8) 

where  is a small disturbance vector. 
For transient solutions, a set of time-dependent 

equations can be derived and expressed as: 

 ( ) ( , ) ,
dX

M X G X
dt

   (9) 

where M(X) is the mass matrix.  This matrix is singu-
lar because some equations, e.g. the equations for 
stream function, do not possess an explicit time-   
dependent term.  Substituting Eq. (8) into Eq. (9), after 
collecting the linear terms of , gives the generalized 
algebraic eigenvalue problem: 

 0 0( ) ( ) ,M X J X     (10) 

where the matrix J  represents the Jacobian matrix of 
G (X, ) evaluated for a basic state solution. 

The stability characteristics of the basic state, X0, are 
determined by the sign of the eigenvalue, .  The basic 
solution is infinitesimally stable if Re{} 0 holds for 
all eigenvalues, , i.e., if all perturbations in Eq. (8) 
decay with time.  However, if at least one eigenvalue 
exists for the case where Re{} 0, the corresponding 
eigenmode will grow, as t → , and the basic solution 
will be unstable.  However, because M is singular, 
some eigenvalues are infinite and do not contribute to 
linear instability.  When calculating the leading ei-
genvalues, it is necessary to remove these infinite ei-
genvalues.  An effective algorithm for doing so is the 
shift-and-inverse Arnoldi operation (Sorensen [18]).  
The generalized eigenvalue problem given in Eq. (10) 
can be transformed into a standard eigenvalue problem 
as follows: 

 1 1
ˆ ˆ( ) ,J M M     

 
  (11) 

where  is a complex shift parameter such that 
1( )J M M  

  is not singular.  

This standard problem is then solved by a restarted, 
iterative Arnoldi method, which is essentially a sophis-
ticated extension of the power iteration method, and 
which allows a number of eigenvalues, ̂ , of largest 
magnitude to be calculated via ARPACK (Saad [19]).  
For the detailed algorithm of the linear stability analysis, 
one can refer to the studies of Yang and Luo [20], Luo 
et al. [21] and Chen et al. [13].   
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3.  RESULTS AND DISCUSSION 

Two-dimensional steady incompressible flows in a 
rectangular cavity with aspect ratios (AR) ranging from 
0.5 to 1.0 for Reynolds numbers from 0 to 2000, were 
calculated.  The flow was driven by parallel moving 
walls, which moved with equal velocity in the same 
tangential direction.  The Reynolds number defined in 
this study was proportional to the moving velocities of 
the walls.  For this kind of cavity flow, Albensoeder et 
al. [9] indicated that the existent range of asymmetric 
flow was between aspect ratios greater than 0.5 and less 
than 1.1 for Reynolds numbers lower than 2000; thus, 
the range of aspect ratio (0.5  AR  1) was chosen.  
After grid independent analysis, non-equal space grid 
points of 91  151 stretching from all boundaries were 
employed for all calculations by continuation method. 

3.1 Three Different Types of Flow Bifurcation in 
Flows with Aspect Ratios in the Calculated 
Range 

Flow bifurcation in the aspect ratio range of 0.5 to 1 
can be classified according to three different types de-
pending on the patterns of the corresponding bifurca-
tions.  The first type of flow bifurcation is similar to 
that shown in Fig. 2, which plots the value of the stream 
function at the cavity center with the aspect ratio of 
0.57 as a function of the Reynolds number.  Five seg-
ments are identified and the corresponding streamline 
contours of the flow patterns are illustrated in Fig. 2.  
In this figure, the symbols “” and “” denote the flow 
state on each segment being stable or unstable, respec-
tively.  However, the labels “S” and “A” indicate that 
the flow patterns on the segments are symmetric and 
asymmetric to the horizontal center line of the cavity, 
respectively.  The stable two-vortex flow state (S1) is 
comprised of two symmetrical counter-rotating vortices 
in the upper and lower half regions existing in the range 
of Re 0 to Re 535.  Along segment (S1), the flow 
states were stable until point P1, which represents a 
symmetry-breaking point at Re  535.  After point P1, 
segment (S1) is divided into three separate segments: 
(A1), (A2) and (S2).  Flows in segments (A1) and 
(A2) inherited the stable flow characteristics evidently 
in segment (S1) and exhibited an asymmetric state, 
while the flow in segment (S2) exhibited an unstable 
state which persisted until point P2 (Re  1590), at 
which another symmetry-breaking bifurcation point was 
identified.  Along segments (A1) and (A2), the 
asymmetry of the flow was gradually augmented, and 
then decreased quickly with the increased Reynolds 
number.  When the Reynolds number was greater than 
1590, only one stable symmetric state (S3) existed in 
the range. 

Along the continuation path from segments (S1), 
(S2) and (S3), two separate vortices appeared adja-
cent to each of the moving walls in the flow patterns.  
The vortices adjacent to the upper and bottom walls of 
the cavity rotated in clockwise and counterclockwise 
directions, respectively, and their strength increased as 
the Reynolds number rose.  This flow pattern is re-
ferred to as a two-vortex flow. 

 

Fig. 2 Stream function values at the cavity center 
traced by Reynolds number and the corre-
sponding flow states for the case with AR  
0.57. 

Figure 3 illustrates the flow evolution of the flow 
states along the continuation path of segment (A1).  
Along the segment, the lower vortex adjacent to the 
lower wall grew in size and strength, causing the other 
vortex to shrink in size with the increased Reynolds 
number, and a stable asymmetric flow state formed.  
The asymmetry of the asymmetric flows originating 
from the symmetry-breaking bifurcation point P1 grad-
ually increased with the increased Reynolds number.  
When the Reynolds number was equal to 1170, the 
asymmetry of the flow state reached its maximum value.  
Then, the upper small vortex adjacent to the upper wall 
quickly grew in size and strength, and compressed the 
lower larger vortex so that it shrank in size.  At point 
P2, the flow state returned to a stable symmetric flow.  
The flow state along segment (A2) was similar to that 
of segment (A1); however, the flow patterns of the 
same Reynolds number in the two segments were 
symmetric to the horizontal center line of the cavity. 

The second type of flow bifurcation is similar to that 
shown in Fig. 4, which plots the value of the stream 
function at the cavity center as a function of the Reyn-
olds number for a two-sided parallel lid-driven cavity 
flow with AR equal to 0.877.  Nine segments are iden-
tified in the flow bifurcation diagram.   

Along segment (S1), the flow was symmetric and 
stable for a Reynolds number less than 594.  As the 
Reynolds number increased, the strength of the vortices 
also increased.  At the pitchfork bifurcation point, P1 
(Re  594), segment (S1) was divided into three sepa-
rate segments: (A1), (A2) and (S2).  Along segment 
(S2), the flow of the two vortices was symmetric, but it 
destabilized via P1.  Then, with the increase in Reyn-
olds number, the symmetric flow of the two vortices 
was stabilized again by the second bifurcation point, P2 
(Re  641).  However, along segments (A1) and 
(A2), the flow states were also destabilized by bifurca-
tion point P1 and became unstable asymmetric flows 
with the decreased Reynolds number.  Then, by the 
turning points, T1 and T2 at Re  504, the asymmetric 
flows stabilized again, respectively.  With the in-
creased Reynolds number, one of the two vortices grew 
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Fig. 3 Asymmetric flow patterns for parallel motion 
along A1 with AR  0.57. 

 

Fig. 4 Stream function values at the cavity center 
traced by the Reynolds number and the corre-
sponding flow states for AR  0.877. 

in size and strength and compressed the other vortex, 
causing it to shrink.  The asymmetry of the stable 
flows gradually augmented with the rising Reynolds 
number.  When the Reynolds number exceeded 600, 
two small secondary vortices formed near the center of 
the right wall.  With the increase in the Reynolds 
number, the strength of the two secondary vortices 
gradually increased, which resulted in the shrinkage of 
the two primary vortices in size.   

The third type of flow bifurcation is similar to that 
shown in Fig. 5, which plots the value of the stream 
function at the cavity center as a function of the Reyn-
olds number for a two-sided parallel lid-driven cavity 
flow with AR  0.9.  Five segments can be identified 
in the flow bifurcation diagram.  As no pitchfork bi-
furcation point existed in the primary branch (S1), the 
flow state in the branch was stable for a two vortices 
flow, and the strength increased as the Reynolds num-
ber increased.  Furthermore, two independent branches, 
unconnected to the primary branch, appeared on the two 
sides of the primary branch, respectively.  Along the 
two independent branches, after the turning points, T1 
and T2 at Re  578, the flow states became weak or 
were in a strong asymmetric state.  The states (A1) 
and (A2) were stable, with strong asymmetric flows. 

 

Fig. 5 Stream function values at the cavity center 
traced by the Reynolds number and the corre-
sponding flow states for the case with AR  
0.9. 

However, states (A3) and (A4) were unstable and had 
weak asymmetric flows.  The asymmetry of the stable 
flows gradually augmented with the rising Reynolds 
number. 

3.2 Evolution of Flow Bifurcations with the 
Increased Aspect Ratio 

When the aspect ratios were less than 0.544, no 
asymmetric flow state existed under the range of the 
Reynolds numbers considered.  Figure 6 illustrates the 
evolution of the flow bifurcations for the cases with AR 
in the range of 0.544 to 0.82.  In this range, the solu-
tion path for the asymmetric flow pattern formed a 
closed loop; it meant that, with the increase in Reynolds 
number, the asymmetry of the asymmetric flow was 
gradually augmented at first and then decreased until 
symmetry was regained.  The type of the flow bifurca-
tions in the range is similar to that of Fig. 2.  As AR 
increased, the value of the Reynolds number at the first 
pitchfork bifurcation, P1, gradually decreased; however, 
the value of the Reynolds number at the second pitch-
fork bifurcation, P2, gradually increased.  Thus, the 
range of the closed loop and the existent region of the 
stable asymmetric flow also gradually enlarged with the 
increased aspect ratio. 

Figure 7 illustrates the bifurcation diagram for the 
cases with AR between 0.823 and 0.87715.  For the 
cases with aspect ratios greater than 0.82, another 
pitchfork bifurcation, P2, could be found at higher 
Reynolds numbers.  With the increased aspect ratio, 
via the bifurcation point, three different flow solutions, 
(A5), (A6) and (S3), were found in the range of 
Reynolds numbers investigated.  The type of the flow 
bifurcations in the range is similar to that of Fig. 4.  
For the cases with AR less than 0.86, both asymmetric 
flow solutions (A1) and (A2) via bifurcation point P1 
were stable.  However, for the cases with AR greater 
than 0.86, the asymmetric flow via bifurcation point P1 
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Fig. 6 Stream function values at the cavity center 
traced by Re for parallel motion with AR be-
tween 0.544 and 0.82. 

 

Fig. 7 Evolution of the flow bifurcations for the cases 
with aspect ratios between 0.823 and 0.87715. 

became unstable and then stabilized via two turning 
points, T1 and T2, respectively.  With the increase in 
AR, the Reynolds number of the pitchfork bifurcation, 
P2, gradually decreased, and the distance between bi-
furcation points P1 and P2 was gradually reduced.  The 
symmetric flow solution, S2, between P1 and P2 was 
unstable.  For the case with AR equal to 0.877, the two 
pitchfork bifurcations, P1 and P2, overlapped. 

Figure 8 illustrates the bifurcation diagram for the 
cases with AR greater than 0.8772 and less than 1.  
The difference between Figures 7 and 8 is obvious.  In 
Fig. 7 there are two pitchfork bifurcation points, while 
in Fig. 8 the two bifurcation points “collide” and dis-
appear.  As AR increased, the asymmetry of the stable 
asymmetric flow was gradually augmented, and the 
Reynolds numbers of the turning points, T1 and T2, also 
gradually increased.  Thus, the margin of the region of 
the stable asymmetric flow also increased in regard to 
the Reynolds number.  The type of the flow bifurca-
tions in the range is similar to that of Fig. 5.  It should 
be noted that, in the aspect ratio range investigated, the 
stable symmetric flow state existed in the full range of 
Reynolds number investigated. 

 

Fig. 8 Evolution of flow bifurcations for cases with 
aspect ratios between 0.8772 and 1. 

Figure 9 shows the regions of Reynolds numbers for 
all stable flow states with the increase in AR.  For an 
AR less than 0.544, a stable symmetric flow state could 
be found in the full region of aspect ratios investigated, 
but the asymmetric flow state did not exist in the region.  
When the AR ranged between 0.55 and 0.585, the re-
gion of the asymmetric flow gradually augmented in a 
high Reynolds number region.  However, a stable 
symmetric flow was only found in the region of a small 
Reynolds number.  For the case with AR equal to 0.75, 
at the lowest Reynolds number, Re 350, an asymmet-
ric flow could be observed.  When the aspect ratio was 
greater than 0.823, a stable symmetric flow could again 
be found in a high Reynolds number region.  Then, 
with the increased aspect ratio, the critical Reynolds 
number of the symmetric flow gradually decreased.  
When the aspect ratio was equal to 0.87715, a stable 
symmetric flow state could be found in the full region 
of Reynolds numbers investigated.  Table 1 lists de-
tailed information on the values of Reynolds numbers at 
the pitchfork bifurcation points. 

 
 

 

Fig. 9 Existent ranges of stable symmetric and 
asymmetric flow states in Reynolds numbers 
and aspect ratios investigated. 
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Table 1 Corresponding Reynolds number of bifurca-
tion points with various aspect ratios for par-
allel motion. 

Aspect ratio 
(AR) 

P1 P2 T1 (T2) 

0.544 785.1 802.4 
0.545 727.54 876.53 
0.55 647.6 1050.71 
0.57 535.37 1590.06 
0.575 518.5 1734.63 
0.58 503.7 1897.5 1909.4 
0.5823 497.43 1982.01 1779.8 
0.585 490.4  1870.92 
0.59 478.5  
0.6 457.6  
0.62 424.9  
0.65 390.8  
0.67 375.0  
0.7 359.09  
0.72 352.86  
0.75 349.68  
0.77 351.81  
0.8 361.57  
0.82 377.29  
0.8232 380.41 1998.9 
0.825 382.23 1923.73 
0.828 385.5 1808.24 
0.83 387.84 1737.29 
0.85 420.31 1205.37 
0.86 447.35 1009.04 
0.861 450.79 990.5 450.78 
0.877 594.21 640.95 504.02 
0.87715 612.8 620.36 504.5 
0.88   513.74 
0.9   578.28 
1.0   969.35 
1.1   1742.81 
1.12   1956.04 
1.124   2002.51 

 

4.  CONCLUSIONS 

This study has presented a continuation method to 
calculate flow bifurcation in a two-sided lid-driven cav-
ity with different aspect ratios (0.5  AR  1) for paral-
lel motion.  Comprehensive bifurcation diagrams of 
the cavity flows with different aspect ratios of the cavi-
ties were derived via Keller’s continuation method and 
accompanied with a linear stability analysis to identify 
the nature of the various flow solutions.  The Reynolds 
number (1  Re 2000) was used as the continuation 
parameter to trace the solution curves.  When     
AR 0.54, two symmetry-breaking points were identi-
fied, and between the two points there were only 
asymmetric solutions in the region of the Reynolds 
numbers.   

The evolution of the bifurcation diagrams in cases 
with different aspect ratios has been illustrated.  The 
three different types of bifurcation diagrams and their 
corresponding flow states were classified according to 

the aspect ratios.  In the bifurcation diagrams, one 
stable symmetric flow and one stable asymmetric flow 
were identified, and the regions of the stable flows in 
the aspect ratios and Reynolds numbers were distin-
guished.  The stable asymmetric flow state could be 
obtained at an aspect ratio ranging from 0.54 to 1 and at 
a low Reynolds number.  In cases with the aspect ratio 
less than 0.54, only a symmetric stable two-vortex flow 
state existed in the bifurcation diagrams without any 
bifurcation branch for 0 Re 2000.  Furthermore, 
from the evolutions of the bifurcation diagrams, with 
the increase in the aspect ratio, the corresponding 
Reynolds numbers of turning points, T1 and T2, also 
gradually increase.  Therefore, it could be speculated 
that, there exists a critical value of aspect ratio.  While 
the aspect ratio is greater than 0.54 but less than the 
critical value, the asymmetric stable two-vortex flow 
would exist for Reynolds numbers from 0 to 2000.  
The results will prove useful for designers who will be 
able to obtain specific flow states by adjusting the 
moving speed of the walls in practical experiments. 
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